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SPHERICAL SPECTRAL SYNTHESIS AND
TWO-RADIUS THEOREMS ON DAMEK-RICCI
SPACES
NORBERT PEYERIMHOFF * AND EVANGELIA SAMIOU **
Abstract. We prove that spherical spectral analysis and synthe-
sis hold in Damek-Ricci spaces and derive two-radius theorems.
1. Introduction
D. Pompeiu investigated in 1929 the following problem: Given a
closed set K ⊂ R2 of positive volume and a continuous function f
satisfying
(1)
∫
σ(K)
f = 0
for all rigid motions σ of the plane. Does this imply that f = 0?
The question has a negative answer in the case of a closed disk. In
fact, for every radius r > 0 there are vectors ξ ∈ R2 such that the
functions
f(x) = ei〈x,ξ〉
have vanishing integrals over all closed disks of radius r > 0. A long-
standing question is whether disks are essentially the only simply con-
nected bounded counterexamples (Pompeiu’s problem). This is closely
related to Schiffer’s conjecture (for more details see, e.g., [Y-82, Prob-
lem 80] and [BST-73, Wi-81, K-93, CKS-00]).
However, if (1) holds true for two different disks K = Br1 and
K = Br2 with radii r1, r2 > 0 whose quotient avoids a particular excep-
tional set, then f ≡ 0. This exceptional set is given by the quotient of
any two different positive zeros of a particular Bessel function expres-
sion. For more details and more general two-radius theorems we refer
to [Za-72]. Two-radius problems have also been considered in more
general geometries. The paper [BZ-80] generalizes the above result to
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all rank one symmetric spaces. In fact, for compact symmetric spaces
of rank one it is sufficient to check vanishing of integrals over all balls
of a single radius to conclude that f ≡ 0, as long as this radius is not
a zero of a particular Jacobi polynomial expression.
In this paper we prove two-radius results for Damek-Ricci spaces.
Damek-Ricci spaces are harmonic manifolds and comprise the rank
one symmetric spaces of noncompact type. Recently, Heber [Heb-05]
proved that the non-flat simply connected homogeneous harmonic spaces
are precisely the symmetric spaces of rank one and the non-symmetric
Damek-Ricci spaces.
To state our main results we first have to introduce some notation.
For a detailed discussion of the geometry and analysis of Damek-Ricci
spaces we refer the reader to the exposition [Rou-03]. A Damek-Ricci
space is a semidirect product X = R ⋉N of a generalized Heisenberg
group N with R. Let n be the Lie algebra of N with z = [n, n] and
v = z⊥ with respect to the inner product of n. We denote the dimen-
sions of v and z by p and q. Since the pair (p, q) plays an inportant
role in our results we often write X(p,q) for the Damek-Ricci space. In
this context, we have R = X(0,0). A Damek-Ricci space X is a solv-
able group carrying a non-positively curved left invariant Riemannian
metric.
In the sequel the spherical functions ϕ
(p,q)
λ defined in terms of the
hypergeometric function F by
(2) ϕ
(p,q)
λ (r) = F (ρ− iλ, ρ+ iλ, n/2,− sinh2(r/2)),
will be crucial. Here n = p+ q+1 and ρ = p
4
+ q
2
. These are the radial
eigenfunctions ϕλ of the Laplacian of X = X
(p,q), see (6).
The space of smooth radial functions on X endowed with the topol-
ogy of uniform convergence on compacta is denoted by E0(X). A va-
riety V is a proper closed subspace of E0(X) which is invariant under
convolution with radial distributions of compact support.
Now we can state the two-radius theorems for Damek-Ricci spaces.
In the sequel integration will always be with respect to the left invariant
metric onX . Let Br(x), Sr(x) denote the geodesic ball, geodesic sphere
around x ∈ X of radius r, respectively. Spheres and balls of radius r
around the identity element e ∈ X will be denoted by Sr and Br.
Theorem 1. Let X = X(p,q) be a Damek-Ricci space and let r1, r2 > 0
be such that the equations
ϕ
(p,q+2)
λ (rj) = 0, j = 1, 2,
have no common solution λ ∈ C.
Suppose f ∈ C(X) and ∫
Br(x)
f = 0
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for r = r1, r2 and all x ∈ X. Then f = 0.
Similiarly, for spherical averages, we have
Theorem 2. Let X = X(p,q) be a Damek-Ricci space and let r1, r2 > 0
be such that the equations
ϕ
(p,q)
λ (rj) = 0, j = 1, 2,
have no common solution λ ∈ C.
Suppose f ∈ C(X) and ∫
Sr(x)
f = 0
for r = r1, r2 and all x ∈ X. Then f = 0.
Note that in Damek-Ricci spaces a function is harmonic if and only
if it satisfies the mean value property for all radii. In fact, it suffices
to have the mean value property for only two suitably chosen radii in
order to conclude harmonicity of a function:
Theorem 3. Let X = X(p,q) be a Damek Ricci space and let r1, r2 > 0
be such that the equations
ϕ
(p,q)
λ (rj) = 1, j = 1, 2,
have no common solution λ ∈ C\{±iρ}.
Then f ∈ C∞(X) is harmonic if and only if
1
vol(Sr(x))
∫
Sr(x)
f = f(x)
for r = r1, r2 and all x ∈ X.
Two-radius results are closely related to spectral analysis and synthe-
sis of the underlying space (see, e.g., [BST-73]). L. Schwartz [Schw-47]
proved that spectral synthesis holds on the real line. Theorem 4 below
carries over this result to radial functions in Damek-Ricci spaces. For
symmetric spaces of rank one, spherical spectral synthesis was proved
in [BS-79]. For further results on spectral synthesis in symmetric spaces
see, e.g., [BG-86, Be-87, Wa-87].
Theorem 4 (Spherical Spectral Synthesis). Let X be a Damek Ricci
space and V a variety of radial functions. Then V is the closure of the
span of all functions ϕλ,k =
dk
dλk
ϕλ contained in V .
The article is organized as follows: In Section 2 we introduce some
basic properties and notions which are used throughout this paper
and discuss Schwartz’s fundamental result. In Section 3, we introduce
the Abel transform, prove some useful properties and obtain a Paley-
Wiener Theorem. These properties will be used in Section 4 to derive
spherical spectral synthesis for Damek-Ricci spaces. Finally, Section 5
is devoted to the proofs of the above two-radius results.
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2. Preliminaries
2.1. The spaces D(X), E(X),D0(X) and E0(X). ADamek-Ricci space
X := X(p,q) of dimension n = p+ q + 1 is a semidirect product R⋉N
where N is a generalized Heisenberg group of dimension p + q with
q-dimensional center. We may thus write elements of X as pairs
x = (t(x), n(x)) = t(x) · n(x). Note that t : X → R is a group
homomorphism.
By E(X) we denote the space of all smooth functions on X with the
topology determined by the seminorms
‖f‖D,K = sup
x∈K
|Df(x)|,
where D is an arbitrary differential operator on X and K ⊂ X is an
arbitrary compact subset. E(X) is a Fre´chet space.
Definition 5. Let r(x) = d(x, e) denote the distance of x ∈ X from
the identity e. The averaging projector π : E(X)→ E(X) is defined by
πf(x) =
1
volSr(x)
∫
Sr(x)
f .
Let E0(X) = πE(X) denote the space of all smooth radial functions
on X , equipped with the relative topology. The spaces E(R) and E0(R)
are analogously defined. Note that Q : E0(R) → E0(X), Qf(x) =
f(r(x)) is a topological isomorphism.
Let D(X) denote the space of all smooth function on X with com-
pact support and DK(M), for K ⊂ X compact, the subspace of D(X)
of functions with support in K. The topology of D(X) is the induc-
tive limit topology of the spaces DK(X), and DK(X) has the induced
topology of E(X) (see, e.g. [Hel-84]). Again, we have D0(X) = πD(X).
The convolution of f ∈ E(X) and g ∈ D(X) (or f ∈ D(X) and
g ∈ E(X)) is defined as
f ∗ g(x) =
∫
X
f(y)g(y−1x) dy = 〈f, (gˇ)x−1〉,
where gˇ(x) := g(x−1) and gx(y) := g(xy).
We quote some useful properties of π from [DR-92]:
π2 = π,(3)
〈πf, g〉 = 〈f, πg〉,(4)
π(f ∗ πg) = πf ∗ πg.(5)
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The convolution in E(X) is associative but not commutative. How-
ever, property (5) yields commutativity of the convolution for radial
functions and D0(X) ∗ E0(X) = E0(X) ∗ D0(X) ⊂ E0(X).
Let ∆ = div grad denote the Laplacian on X . For every λ ∈ C there
exists a unique radial function ϕλ ∈ E0(X) satisfying
∆ϕλ = −(λ2 + ρ2)ϕλ, ϕλ(e) = 1,
where ρ = p
4
+ q
2
(see [Rou-03]). We have
(6) ϕλ(x) = ϕ
(p,q)
λ (r(x)) ,
where ϕ
(p,q)
λ was defined in (2).
Remark The parameter ρ = p
4
+ q
2
of the Damek-Ricci space X =
X(p,q) can be interpreted isoperimetrically, asymptotically and in terms
of the spectrum:
• We have
h(X) := inf
K⊂X compact
area(∂K)
vol(K)
= 2ρ.
This follows from [Rou-03, p. 66] and the explicit isoperimetric Cheeger
constant calculation in [PS-03].
• Using vol(Sr) = 2nπn/2Γ(n/2) sinhp+q(r/2) coshq(r/2), one easily verifies the
identity
lim
r→∞
log vol(Sr)
r
= 2ρ
for the logarithmic volume growth of spheres.
• We have
σ(∆) = (−∞,−ρ2]
for the spectrum of the Laplacian in the Hilbert space L2(X, µ). This
follows from the fact that the spherical Fourier transform Ff(λ) =
〈f, ϕλ〉 on D0(X) extends to a Hilbert space isomorphism (see [Rou-03,
Thm 15]) and that ∆ transforms under this isomorphism into the mul-
tiplication operator g 7→ −(λ2 + ρ2)g.
2.2. The spaces D′(X), E ′(X),D′0(X) and E ′0(X). We denote by E ′(X)
the dual of E(X), endowed with the strong dual topology. E ′(X)
is the space of distributions of compact support on X . The spaces
D′(X),D′0(X) and E ′0(X) are defined analogously.
The convolution of two distributions S ∈ D′(X), T ∈ E ′(X) (or
T ∈ D′(X), S ∈ E ′(X)) can be calculated as follows
〈S ∗ T, f〉 = 〈S, x 7→ 〈T, y 7→ f(xy)〉〉.
The space D(X) is contained in E ′(X) via f 7→ Tf , 〈Tf , g〉 := 〈f, g〉
and we have T ∗ Tf = TT∗f with (T ∗ f)(x) = 〈T, (fˇ)x−1〉. Using a
Dirac sequence ρǫ ∈ D0(X) we have, for T ∈ E ′(X), T ∗ ρǫ → T for
ǫ→ 0, which shows that D(X) is dense in E ′(X). Therefore, all above
properties for functions carry over to distributions.
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The spherical Fourier transform of a distribution T ∈ E ′0(X) is de-
fined as
FT (λ) = 〈T, ϕλ〉.
If T ∈ E ′0(R), we have for the classical Fourier transform
Tˆ (λ) = 〈T, φλ〉 = 〈T, ψλ〉,
where φλ(t) = e
iλt and ψλ(t) =
1
2
(eiλt + e−iλt).
2.3. Schwartz’s result. Mean periodic functions were first introduced
and studied by Delsarte in a paper of 1935. L. Schwartz [Schw-47]
proposed the following intrinsic definition of mean periodic functions: a
function f ∈ E(R) is called mean periodic if not every function in E(R)
can be obtained as a limit of finite linear combinations of translates
fx(y) = f(x+ y) of f . The vector space of functions obtained as such
limits is called the variety V f of f . Equivalently, V f can be defined as
the closure of all functions of the type T ∗ f with T ∈ E ′(R). Thus, a
non-zero function f ∈ E(R) is mean periodic if V f is a proper subspace
of E(R).
We denote by
φλ,k(t) :=
dk
dλk
eiλt = iktkeiλt.
The spectrum spec f of f is defined as follows:
spec f := {φλ,k ∈ V f | k ∈ N0, λ ∈ C}.
L. Schwartz proved the following fundamental result:
Theorem 6. Let f ∈ E(R) be a non-zero mean periodic function. Then
f is the limit of finite linear combinations of functions in spec f .
Schwartz’s result actually means that spectral synthesis holds in
E(R). Spectral analysis is the weaker statement that specV f is not
empty for every non-zero mean periodic function f .
We now adapt the above theorem to E0(R), the subspace of E(R) of
even functions on R. The averaging projector π : E(R)→ E0(R) is the
canonical projection (πf)(x) := 1
2
(f(x) + f(−x)). Let
ψλ,k(t) :=
1
2
(φλ,k(t) + φλ,k(−t)).
Theorem 7. Let f ∈ E0(R) be a non-zero mean periodic function, i.e.,
{0} 6= V f0 := {T ∗ f | T ∈ E ′0(R)} 6= E0(R).
Then f is the limit of finite linear combinations of functions in
spec0 f := {ψλ,k ∈ V f0 \{0} | k ∈ N0, λ ∈ C}.
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Proof As a consequence of (5) and continuity of π, we obtain for a
mean periodic function f ∈ E0(R) that
(7) V f = {T ∗ f | T ∈ E ′(R)} ⊂ π−1(V f0 ) 6= E(R).
Consequently, f is also mean periodic in E(R). Now using Theorem
6, f is the limit of functions fj which are finite linear combinations of
functions in spec f . Then we also have
π(fj)→ π(f) = f.
Since (7) implies that π(spec f) ⊂ spec0 f ∪ {0}, π(fj) is a finite linear
combination of functions in spec0 f , finishing the proof. 
3. The Abel transform on distributions
3.1. The Abel transform. The Abel transform will be of great im-
portance in our considerations.
Definition 8. Let j and a be the maps
j : E0(R)→ E(X) with jf(x) = eρt(x)f(t(x))
and
a : E0(R)→ E0(X) with a = π ◦ j,
i.e.,
af(x) =
1
volSr(x)
∫
Sr(x)
eρt(y)f(t(y)) .
The Abel transform A is then defined as the dual of a, i.e., as the map
A : E ′0(X)→ E ′0(R) with 〈AT, f〉 = 〈T, af〉
for distributions T ∈ E ′0(X) of compact support and smooth functions
f ∈ E0(R).
Remarks
• The restriction of A to D0(X) ⊂ E ′0(X) is explicitly given by (see
[Rou-03]):
Af(t) = eρt
∫
N
f(tn).
• We have
(8) aψλ = ϕλ and aψλ,k = ϕλ,k.
For the first equation, see [Rou-03, p. 80]. The second equation is
obtained by differentiating this with respect to λ. The spherical Fourier
transform can be expressed in terms of the Abel transforms by
(9) FT (λ) = 〈T, ϕλ〉 = 〈T, aψλ〉 = 〈AT, ψλ〉 = ÂT (λ)
for T ∈ E ′0(X).
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3.2. Properties of the Abel transform. A key property of the Abel
transform is that it preserves the convolution.
Proposition 9. For T, S ∈ E ′0(X) and f ∈ E0(R) we have
A(T ∗X S) = AT ∗R AS,(10)
a(AT ∗R f) = T ∗X af.(11)
Proof Recall that for radial distributions,
〈T ∗ S, φ〉 = 〈T, x 7→ 〈S, y 7→ φ(xy)〉〉,
and that t : X → R is a homomorphism. We thus compute for all
φ ∈ E0(X),
〈AT ∗ AS, φ〉 = 〈AT, r 7→ 〈AS, s 7→ φ(r + s)〉〉
= 〈T, x 7→ 〈S, y 7→ φ(t(x) + t(y))eρ(t(x)+t(y))〉〉
= 〈T, x 7→ 〈S, y 7→ φ(t(xy))eρ(t(xy))〉〉
= 〈A(T ∗ S), φ〉
which proves (10). Next, we prove the second claim. Using 〈g, h〉 =
(g ∗ h)(e) and commutativity of the convolution of radial functions, we
have for all g, φ ∈ D0(X)
〈g ∗ af, φ〉 = 〈af, g ∗ φ〉
= 〈f,Ag ∗ Aφ〉 (see (10))
= 〈Ag ∗ f,Aφ〉
= 〈a(Ag ∗ f), φ〉.
Now, from the continuity of a,A and the density of D0(X) in E ′0(X)
we get (11). 
We will prove in the next paragraph that a is bijective. Assuming
this for the moment we have
Proposition 10. The following diagram commutes:
(12)
E ′0(X)× E0(X) ∗X−−−→ E0(X)yA×B yB
E ′0(R)× E0(R) ∗R−−−→ E0(R)
where
B := a−1 : E0(X)→ E0(R) .
3.3. Bijectivity of the dual Abel transform. In this paragraph we
show
Proposition 11. The maps
a : E0(R)→ E0(X) and A = a′
are topological isomorphisms.
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Proof The proposition is essentially a consequence of the bijectivity
of A : D0(X) → D0(R) (see [ADY-96]). For injectivity of a, assume
aw = 0 for some w ∈ E0(R). Then
〈u, aw〉 = 〈Au, w〉 = 0
for all u ∈ D0(X). Since A is surjective it follows that w = 0. Surjec-
tivity of a follows from the explicit calculation of a−1 : E0(X)→ E0(R).
Introducing the bijective map Φ : C∞([1,∞))→ E0(R),
(Φf)(r) = f(cosh r),
one first observes that
Φ−1
d
d(cosh r)
Φ =
d
dt
, Φ−1
d
d(cosh(r/2)
Φ = 2
√
2(t+ 1)1/2
d
dt
.
Using the explicit formulas for A−1 : D0(R) → D0(X) in [ADY-96],
lengthy (but straightforward) computations yields in the case p = 2k
and q = 2l:
(Φ−1a−1Φu)(t) = Cp,q(t + 1)
1/2(t− 1)1/2×(
d
dt
(t+ 1)1/2
)k (
d
dt
)l
(t + 1)l−1/2(t− 1)l+k−1/2u(t),
and in the case p = 2k and q = 2l − 1:
(Φ−1a−1Φu)(t) = Cp,q(t + 1)
1/2(t− 1)1/2×(
d
dt
(t+ 1)1/2
)k (
d
dt
)l
(t + 1)l−1/2(t− 1)l+k−1/2(R(k+l−1,l−1)1/2 u)(t),
with suitable constants Cp,q, and where R
(α,β)
1/2 is defined in [Ko-84].
Hence a : E0(R) → E0(X) is a bijective linear continuous map. By
the open mapping theorem (see, e.g., [Tr-67, Theorem 17.1]), a is a
topological isomorphism. From the Corollary of Proposition 19.5. in
[Tr-67], we conclude that A : E ′0(X) → E ′0(R) is also a topological
isomorphism. 
3.4. The Paley-Wiener Theorem for the spherical Fourier Trans-
form on Distributions. Let E′0 denote the Fourier tansform of the
space E ′0(R). The classical Paley-Wiener theorem for distributions
(see, e.g., [Don-69]) states that E′0 consists of all even entire functions
f : C→ C of exponential type which are polynomially bounded on R,
i.e., there are constants C,R ≥ 0 and m ≥ 0 such that
|f(λ)| ≤ C(1 + |λ|)me|Im(λ)|R.
We topologize E′0 by choosing the subsets Ua ⊂ E′0 as a fundamental
system of neighbourhoods of 0, where
Ua := {f ∈ E′0 | |f(λ)| ≤ a(λ)}
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and a is any continuous positive function of the form a(λ) = a1(Reλ)a2(Imλ),
where a1 dominates all polynomials and a2 dominates all linear ex-
ponentials. Then the Fourier transform is a topological isomorphism
E ′0(R)→ E′0, by [Ehr-70, Theorem 5.19].
As a direct consequence of this fact, Proposition 11, formulas (9) and
(10), we obtain (see also [FlJ-72, Theorem 4]):
Theorem 12. The spherical Fourier transform
FT (λ) = 〈T, φλ〉
defines a topological isomorphism
F : E ′0(X)→ E′0.
Furthermore, for distributions T, S ∈ E ′0(X), we have
F(T ∗ S) = FT · FS.
4. Spherical spectral synthesis in Damek Ricci Spaces
In this section we prove spherical spectral synthesis in E0(X). We
begin with two applications of Proposition 10.
Lemma 13. Let T ∈ E ′0(X). Then
〈T, ϕλ〉 = 0 ⇔ T ∗ ϕλ = 0.
Proof The implication T ∗ ϕλ = 0 ⇒ 〈T, ϕλ〉 = 0 is obvious. Now,
assume 〈T, ϕλ〉 = 0. Using (8) and Proposition 10 we obtain
〈AT, ψλ〉 = 〈AT,Bϕλ〉 = 〈T, ϕλ〉 = 0.
Using, again, Proposition 10, we also obtain
B(T ∗ ϕλ) = (AT ) ∗ (Bϕλ) = (AT ) ∗ ψλ.
Moreover,
(AT ∗ ψλ)(t) = 〈AT, s 7→ ψλ(t− s)〉 =
1
2
(eiλt〈AT, φλ〉+ e−iλt〈AT, φλ〉) = ψλ(t)〈AT, ψλ〉 = 0.
Since B is an isomorphism, we conclude that T ∗ ϕλ = 0. 
Recall that a variety V ⊂ E0(X) is a proper closed subspace satisfy-
ing E ′0(X) ∗ V ⊂ V .
Lemma 14. Let V ⊂ E0(X) be a variety. If ϕλ,k ∈ V \{0} then also
ϕλ,l ∈ V for all 0 ≤ l ≤ k.
Proof Let W := B(V ). By Proposition 10, W ⊂ E0(R) is also a
variety. From (8) we have ψλ,k = B(ϕλ,k). So it remains to prove that
ψλ,k ∈ W\{0} ⇒ ψλ,l ∈ W ∀ 0 ≤ l ≤ k.
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In the case λ 6= 0, we restrict our considerations to k = 1 (the case
k ≥ 2 is proved similarly.) Note that f ∈ W implies fs + f−s ∈ W ,
where fs(t) = f(s+ t). Therefore, we have
(ψλ,1)s + (ψλ,1)−s − 2 cos(sλ)ψλ,1 = −2s sin(λs)ψλ(x).
Consequently, we have ψλ ∈ W . If λ = 0, ψ0,k = 0 if k is odd and ψ0,k
are monomials if k is even. Here,
(ψ0,2)s + (ψ0,2)−s − 2ψ0,2 = −2s2ψ0.
(The case k ≥ 4 is treated similarly.) 
Next, we prove an equivalent formulation of spherical spectral syn-
thesis in Damek-Ricci spaces (see Theorem 4):
Theorem 15. Let f ∈ E0(X) be a non-zero mean periodic function,
i.e.,
{0} 6= V f0 := {T ∗ f | T ∈ E ′0(X)} 6= E0(X).
Then f is the limit of finite linear combinations of functions in
spec0 f := {ϕλ,k ∈ V f0 \{0} | k ∈ N0, λ ∈ C}.
Proof Proposition 10 implies that
B(V f0 ) = B({T ∗ f | T ∈ E ′0(X)}) = {S ∗ Bf | S ∈ E ′0(R)} = V B(f)0 ,
and, by (8),
B(spec0 V f0 ) = spec0 V B(f)0 .
Now, the theorem follows immediately from Theorem 7. 
Remark Theorem 4 is a direct consequence of the above Theorem
since every function in a variety V ⊂ E0(X) is mean periodic.
Corollary 16 (Spherical Spectral Analysis). If f ∈ E0(X) is mean
periodic and spec0 f is empty, then f = 0.
The following corollary will be used in the next section.
Corollary 17. Let P be a non-empty set of distributions in E ′0(X).
Then the following two statements are equivalent:
a) There exists a non-zero function f ∈ E0(X) such that T ∗ f = 0
for all T ∈ P.
b) There exists λ ∈ C such that
FT (λ) = 0 ∀T ∈ P.
Proof We first prove b) implies a): If there exists λ ∈ C with
FT (λ) = 〈T, ϕλ〉 = 0 for all T ∈ P, Lemma 13 yields that T ∗ ϕλ = 0
for all T ∈ P. Thus, a) is satisfied with f = ϕλ.
In the proof of a) implies b) we assume that P 6= {0}. (The case P =
{0} is trivial.) Since P contains at least one non trivial distribution,
we have V f0 6= E0(X). From Corollary 16 we conclude that spec0f 6=
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∅. Then there exists a non-zero ϕλ,k ∈ V f0 . Using Lemma 14 we
conclude that ϕλ ∈ V f0 , which implies that T ∗ ϕλ = 0 for all T ∈ P.
Consequently, we have
FT (λ) = 〈T, ϕλ〉 = (T ∗ ϕˇλ)(e) = 0
for all T ∈ P. 
5. Applications: Two-radius theorems in Damek Ricci
Spaces
The following lemma is needed for the proofs of the two-radius the-
orems.
Lemma 18. Let T ∈ E ′0(X), f ∈ E(X). If T ∗ fˇ = 0 then T ∗ (πf) = 0.
Proof Let ρǫ ∈ D0(X) be a Dirac sequence. Then T ∗ ρǫ =: gǫ → T ,
as ǫ→ 0. Using (5) and f ∗ g = (gˇ ∗ fˇ)∨, we conclude that
T ∗ (πf) = lim
ǫ→0
gǫ ∗ (πf) = lim
ǫ→0
(πf) ∗ gǫ = lim
ǫ→0
π(f ∗ gǫ) =
lim
ǫ→0
π((gǫ ∗ fˇ)∨) = π((T ∗ fˇ)∨) = 0.

Proof of Theorems 1 and 2 It suffices to prove the theorems
for smooth functions only. This is because the averaging operators
are continuous with respect to uniform convergence on compacta and
E(X) ⊂ C(X) is dense.
The proof proceeds by contradiction: Let r1, r2 > 0 avoid the set
described in the theorem and assume that
(13) V = {f ∈ E(X) | 〈Tr1, fx〉 = 0, 〈Tr2, fx〉 = 0 ∀ x ∈ X} 6= {0},
where the corresponding families of distributions are in each case
〈Tr, f〉 =
∫
Br
f,(14)
〈Tr, f〉 =
∫
Sr
f.(15)
Obviously, V is invariant under left-translations (isometries) in X (i.e.,
f ∈ V ⇒ fx ∈ V for all x ∈ X). Therefore we can find a function
f ∈ V with f(e) 6= 0. Then πf 6= 0 and, using 〈T, fx〉 = (T ∗ fˇ)(x−1),
Lemma 18 shows that Tr1 ∗ πf = Tr2 ∗ πf = 0.
Now, for P = {Tr1, Tr2}, Corollary 17 implies that there exists a
λ ∈ C with
FTr1(λ) = FTr2(λ) = 0.
By the following Lemma, we obtain a contradiction to the choice of the
radii r1, r2 at the beginning of the proof. 
Lemma 19. Let X = X(p,q) be a Damek-Ricci space of dimension n +
1 = p+ q + 1.
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a) Let Tr be defined as in (14). Then
FTr(λ) = 2
nπn/2
Γ(1 + n/2)
(sinh(r/2))n (cosh(r/2))q−1 ϕ
(p,q+2)
λ (r).
b) Let Tr be defined as in (15). Then
(16) FTr(λ) = 〈Tr, ϕλ〉 = vol(Sr)ϕ(p,q)λ (r).
Proof b) is obvious. For the proof of a), note that
ϕ
(p,q)
λ (r) = F (ρ− iλ, ρ+ iλ, n/2,− sinh2(r/2))
with ρ = p/4 + q/2. Choosing
z = − sinh2 r/2, a = p
4
+
q
2
− iλ, b = p
4
+
q
2
+ iλ, c =
n
2
,
and using (see [AS-72, Formula 15.2.9])
d
dz
(
zc(1− z)a+b+1−cF (a+ 1, b+ 1, c+ 1, z)) =
czc−1(1− z)a+b−cF (a, b, c, z),
a straightforward calculation yields result a). 
Proof of Theorem 3 Let r1, r2 > 0 avoid the set described in the
theorem, Tr be defined by
〈Tr, f〉 = 1
vol(Sr)
(∫
Sr
f
)
− f(e),
and V be as in (13). Observe that ker∆ ⊂ V and that ker∆ ∩ E0(X)
is spanned by the constant function ϕiρ = ϕ−iρ = 1. Assume there is
a function f ∈ V with ∆f 6= 0. Since V and ∆ are invariant under
left-translations, we can assume that ∆f(e) 6= 0. Let g = πf . Since
∆ and π commute, we have ∆g(e) 6= 0 and Lemma 18 implies that
g ∈ V ∩E0(X). Note that g is a non-zero mean periodic function (since
all functions h in V g0 satisfy Trj ∗ h = 0 and thus h(rj) = h(0) for
j = 1, 2).
Next, we show that spec0g = {1}. Let ϕλ,k ∈ V g0 \{0}. We will show
that λ = ±iρ and k = 0. By Lemma 14, we also have ϕλ ∈ V g0 and,
therefore, ϕλ(r1) = ϕλ(r2) = ϕλ(0) = 1. This implies that λ = ±iρ. If
k ≥ 1, then we also must have ϕiρ,1 ∈ V g0 and thus ϕiρ,1(rj) = ϕiρ,1(0).
We have ϕiρ,1 = aψiρ,1 and
ψiρ,1(r) =
d
dλ
∣∣∣∣
λ=iρ
cos(λr) = −r sin(iρr) = −ir sinh(ρr)
is (−i) times a positive function for r > 0. Since the dual Abel trans-
form is multiplication by a positive real function followed by an aver-
aging operator, it preserves positivity. Thus ϕiρ,1(r) doesn’t vanish for
r > 0. But ϕiρ,1(e) = (aψiρ,1)(0) = 0 and, consequently, we must have
k = 0.
14 NORBERT PEYERIMHOFF * AND EVANGELIA SAMIOU **
By Theorem 15, g is a constant function, contradicting to ∆g 6=
0. 
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